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The eets of dierent forms of the sound-veloity funtion cs(T ) on the hydrodynami evolution
of matter reated in the entral region of ultra-relativisti heavy-ion ollisions are studied. At high
temperatures (above the ritial temperature Tc) we use the sound veloity funtion obtained from
the reent lattie simulations of QCD, whereas at low temperatures we use the ideal hadron gas
model. At moderate temperatures dierent interpolations between those two results are employed.
They are haraterized by dierent values of the loal maximum (at T = 0.4 Tc) and loal minimum
(at T = Tc). The extreme values are hosen in suh a way that at high temperature all onsidered
sound-veloity funtions yield the entropy density onsistent with the lattie simulations of QCD.
We nd that the presene of a distint minimum of the sound veloity leads to a very long (∼ 20
fm/) evolution time of the system. Sine suh long evolution times are not ompatible with the
reent estimates based on the HBT interferometry, we onlude that the hydrodynami desription
beomes adequate if the QCD ross-over phase transition renders the smooth temperature variations
of the sound veloity, with a possible shallow minimum at Tc where the values of c
2
s
(T ) remain well
above 0.1.
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I. INTRODUCTION
The analysis of the data olleted reently at RHIC
suggests that matter reated in ultra-relativisti heavy-
ion ollisions behaves like a perfet uid [1℄. This hy-
pothesis inspires new interests in the studies of rel-
ativisti hydrodynamis of perfet and visous uids
[2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17℄. The
aim of this paper is to study the eets of the temperature
dependene of the sound veloity on the hydrodynami
evolution of matter reated in ultra-relativisti heavy-ion
ollisions. We use the approah to the relativisti hydro-
dynamis of perfet uid where the sound veloity is the
only thermodynami parameter entering the formalism
[18, 19, 20℄. In this way, we are able to observe and ana-
lyze the immediate onsequenes of a partiular hoie of
the funtion cs(T ) on the spae-time evolution of matter.
Our study may be regarded as omplementary to Ref.
[21℄, where the eets of a partiular hoie of the equa-
tion of state on the partile spetra and ellipti ow were
studied. Our approah diers from Ref. [21℄ by the se-
letion of the equations of state under investigations. In
our ase the equations of state are always onstrained
by the lattie results in the high temperature limit and
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dier from eah other mainly in the neighborhood of the
ritial temperature. On the other hand, the main dier-
enes between the equations of state studied in Ref. [21℄
appear in the region above the ritial temperature.
In our approah the full information about the equa-
tion of state is ontained in the temperature dependent
sound veloity. At high temperatures, T > 1.15Tc, we
use the sound veloity funtion obtained from the reent
lattie simulations of QCD [22℄, whereas at low tem-
peratures, T < 0.15Tc, we use the result of the ideal
hadron gas model [19℄. At moderate temperatures dif-
ferent interpolations between those two results are em-
ployed. The interpolating funtions have a loal maxi-
mum at T = 0.4Tc (orresponding to the maximal value
of the sound veloity in the hadron gas) and a loal min-
imum at T = Tc (orresponding to the expeted mini-
mal value of the sound veloity at the phase transition).
The values of the sound veloity at the maximum and
minimum are hosen in suh a way that in the limit
of very high temperatures all onsidered sound-veloity
funtions yield the entropy density onsistent with the
lattie simulations of QCD.
We emphasize that in all the onsidered ases we
take into aount only smoothly varying funtions cs(T ),
hene we deal with the ross-over phase transitions rather
than with the rigorous phase transitions of a given or-
der that might be determined by the disontinuity of the
appropriate thermodynami variable. Nevertheless, the
deeper is the minimum of the sound veloity at the rit-
2FIG. 1: Temperature dependene of the square of the sound
veloity at zero baryon density. The plot shows the result of
the lattie simulations of QCD [22℄ (solid line) and the result
obtained in the ideal hadron gas model [19℄ (dashed line). A
piee of the thik solid line desribes the simplest interpolation
between the two alulations. The ritial temperature Tc
equals 170 MeV.
ial temperature, the more the system evolution resem-
bles the behavior typial for the exat rst order phase
transition. The main dierene between the rst order
phase transition studied ommonly in the literature and
the approximate rst-order phase transition studied be-
low (as one of the examples) is that in our ase the phase
transition does not lead to the ideal quark-gluon plasma
but rather to strongly interating plasma haraterized
by the lattie results.
In spite of suh dierenes, in agreement with earlier
studies [23, 24, 25, 26℄ we nd that a deep minimum of
the sound veloity leads to the very long, exeeding 20
fm (c = 1), evolution time of the system. We further
nd that even moderate minima lead to quite long evo-
lution times of the system, whih exeed 15 fm. Clearly,
suh long evolution times are not ompatible with the
reent HBT estimates of the lifetime of the system. For
example, one nds times of about 10 fm using the RHIC
data in the relation RL(mT ) = τ
√
Tk/mT [27℄, whih
onnets the longitudinal pion orrelation radius RL, the
kineti freeze-out temperature Tk, the evolution time τ ,
and the transverse mass of the pion pair mT . Another
example is Ref. [28℄ that obtained only 6 fm for the ee-
tive duration of the hydrodynami evolution in Au+Au
ollisions at RHIC.
Only if the sound veloity has a shallow minimum re-
sulting from the simplest interpolation between the ideal
hadron gas result at T = 0.85Tc and the lattie result at
T = 1.15Tc, see Fig. 1, one nds that the evolution time
of the system might be ompatible with the HBT result.
We thus onlude that the hydrodynami desription be-
omes adequate if the QCD ross-over phase transition
renders the smooth temperature variations of the sound
FIG. 2: Three dierent forms of the sound veloity used in the
present hydrodynami alulations. The solid line desribes
the interpolation between the lattie and the hadron-gas re-
sults [19℄ with a shallow minimum where c
2
s
= 0.14 (ase I),
the long-dashed line desribes the interpolation with a dip
where c
2
s
= 0.08 (ase II), nally the dashed line desribes
the interpolation with a deep minimum where c
2
s
= 0.03 (ase
III). In order to render the same entropy density at high tem-
peratures, in the ases II and III the sound veloity in the
region T ≈ 0.4 Tc is slightly inreased ompared to that on-
sidered in the ase I. The larger values of the sound veloity in
this region may be attributed to the repulsive van der Waals
eets.
veloity, with a possible shallow minimum at Tc where
the values of c2s(T ) remain well above 0.1.
II. TEMPERATURE DEPENDENT SOUND
VELOCITY
In Fig. 1 we show the funtion c2s(T ) obtained from the
ideal hadron gas alulation [19℄ and the lattie simula-
tions of QCD [22℄. The ideal hadron gas result (dashed
line) was obtained with the full mass spetrum of reso-
nanes [29, 30℄. One an hek that at very small tem-
peratures the sound veloity is determined basially by
the properties of the massive pion gas; for T << mpi,
where mpi is the pion mass, one nds cs(T ) =
√
T/mpi.
Clearly, this behavior is quite dierent from the limit-
ing value cs = 1/
√
3 haraterizing the massless pion
gas. The lattie alulations (solid line) were obtained
for physial masses of the light quarks and the strange
quark [22℄. One an see that the results of the two alu-
lations ross around the ritial temperature, we assume
Tc = 170 MeV, and may be naturally interpolated (see a
thik solid line in this region). Taking the lattie result at
the fae value, one expets that the sound veloity signif-
iantly drops down in the region T ≈ Tc. Similar behav-
ior, with cs(Tc) reahing zero, is expeted in the ase of
the rst order rst transition where the hanges of the en-
ergy happen at onstant pressure. However, the lattie
simulations suggest that for three massive quarks with
3FIG. 3: The temperature dependene of the entropy density and energy density, panels a) and b), as well as the energy density
dependene of the pressure and sound veloity, panels ) and d). One an observe that the deeper is the minimum of the sound
veloity funtion, the steeper is the inrease of the entropy density and the energy density.
realisti masses we deal with the ross-over rather than
with the rst order phase transition, hene the sound ve-
loity remains nite, as is onsistently shown in Fig. 1.
Nevertheless, the exat values of the sound veloity in
the region T ≈ Tc are in our opinion poorly known, sine
the lattie alulations are not very muh reliable for
T < Tc and, at the same time, the use of the hadron gas
model with vauum parameters beomes unrealisti for
large densities (temperatures) [39℄. In this situation, it is
pratial to onsider dierent interpolations between the
lattie and hadron-gas results and to analyze the physial
eets of a partiular hoie of the interpolating funtion.
In this paper we onsider three dierent sound-veloity
funtions cs(T ). Below, we refer to these three options as
to the ases I, II and III, see Fig. 2. In the ase I, we use
the sound-veloity funtion whih agrees with the ideal
hadron gas model of Ref. [19℄ in the temperature range
0 < T < 0.85Tc and with the lattie result in the temper-
ature range T > 1.15Tc. In the region lose to the ritial
temperature, 0.85Tc < T < 1.15Tc, a simple interpola-
tion between the two results is used. We have heked
that suh a simple interpolation yields diretly the en-
tropy density onsistent with the lattie result. Namely,
the use of the thermodynami relation
s(T ) = s(T0) exp


T∫
T0
dT ′
T ′c2s(T
′)

 , (1)
relating the entropy density with the sound veloity for
zero baryon hemial potential, gives the funtion s(T )
whih agrees with the lattie result at high temperatures,
s(T )/T 3 ≈ 12 at T = 1.5Tc [22℄.
In the ases II and III, the sound-veloity interpolating
funtions have a distint minimum at T = Tc. Compar-
ing to the ase I [with cs(Tc) = 0.37 and c
2
s(Tc) = 0.14℄,
the value of the sound veloity at T = Tc is re-
dued by 25 % in the ase II [where cs(Tc) = 0.28
and c2s(Tc) = 0.08℄, and by 50% in the ase III [where
cs(Tc) = 0.19 and c
2
s(Tc) = 0.03℄. From Eq. (1) one on-
ludes that the relative derease of the sound veloity at
Tc leads to the relative inrease of entropy density for
4high temperatures. Hene, in order to have the same
value of the entropy density at high temperatures, a de-
rease of the sound veloity funtion in the region T ≈ Tc
should be ompensated by its inrease in a dierent tem-
perature range. For our interpolating funtions in the
ases II and III we assume that the values of cs(T ) in
the range 0.15Tc < T < 0.85Tc are slightly higher than
in the ase I, see Fig. 2. Suh modiations may be re-
garded as the parameterization of the repulsive van der
Waals fores in the hadron gas. The values of the max-
ima are hosen in suh a way that the entropy densities
for three onsidered ases are onsistent with the lattie
result, see the upper left panel of Fig. 3 where the fun-
tions s(T )/T 3 are shown.
We stress that in the three onsidered ases the values
of cs(T ) in the temperature range Tc < T < 1.25Tc re-
main signiantly below the massless limit 1/
√
3. Suh a
limiting value is impliitly used in many hydrodynami
odes assuming the equation of state of non-interating
massless quarks and gluons for T > Tc, see for example
the extended 3+1 hydrodynami model of Ref. [12℄. We
expet that the ooling of the entral part of our system
will be signiantly slower than the ooling of the sys-
tems ontaining an ideal quark-gluon plasma in the ore
and this eet reets the non-perturbative phenomena
taking plae above Tc that may be attributed to the for-
mation of strongly interating quark-gluon plasma. We
also note that our study diers from the 3+1 model of
Ref. [6℄ where the interpolation between the equation
of state of the ideal quark-gluon plasma above Tc (not
of the lattie QCD) and the resonane gas below Tc was
introdued. We have heked that the orretions intro-
dued in this way dier from the non-perturbative eets
found in the lattie simulations. Moreover, Fig. 3 of Ref.
[6℄ (lower left panel) indiates that the sound veloity at
low temperatures does not drop to zero as in our ase.
III. HYDRODYNAMIC EQUATIONS
In this Setion we reapitulate the main features of
approah to the relativisti hydrodynamis, whih is the
generalization of the method introdued by Baym et al.
[18℄ and has been developed in Ref. [19℄ (introdution
of the temperature dependent sound veloity and initial
transverse ow) and Ref. [20℄ (inlusion of the ylindri-
al asymmetry). We rewrite the equations in suh a way
that the sound veloity is the only thermodynami pa-
rameter haraterizing the matter. Suh reformulation of
the hydrodynami equations is always possible in the ase
of zero net baryon density. Sine we onsider the evolu-
tion of matter formed in the entral region at the largest
RHIC energies, the approximation of zero net baryon
density is reasonable. Thermal analysis of the ratios of
hadron multipliities indiates that the baryon hemial
potential at RHIC top energies is about 30 MeV, i.e., it
is muh smaller than the orresponding temperature of
about 170 MeV [31, 32℄. We also restrit our onsidera-
tions to the boost-invariant and ylindrially symmetri
expansion. The assumption of boost-invariane is again
good for the entral region, while the eets of azimuthal
asymmetry are typially small, of the order of 10%, and
have no eets on our onlusions.
In the ase of vanishing baryon hemial potential the
hydrodynami equations may be written in the following
form
uµ∂µ (T u
ν) = ∂νT, (2)
∂µ (su
µ) = 0, (3)
where T is the temperature, s is the entropy density, and
uµ = γ (1,v) is the hydrodynami four-veloity (with
γ = 1/
√
1− v2). Sine temperature is the only indepen-
dent thermodynami variable, all other thermodynami
quantities an be obtained from pressure given as a fun-
tion of temperature, P = P (T ). Suh a funtion plays
a role of the equation of state. With the help of the
thermodynami relations
dε = Tds, dP = sdT, ε+ P = Ts, (4)
other thermodynami quantities may be obtained. In
addition, the equation of state allows us to alulate the
sound veloity
c2s =
∂P
∂ε
=
s
T
∂T
∂s
. (5)
From Eq. (5) one immediately nds Eq. (1) disussed in
Set. II. The omplete set of the thermodynami quan-
tities for the ases I, II and III is shown in Fig. 3.
For the boost-invariant systems with ylindrial sym-
metry Eq. (3) and the spatial omponents of Eq. (2)
may be rewritten as
vr
∂ lnT
∂t
+
∂ lnT
∂r
+
∂α
∂t
+ vr
∂α
∂r
= 0, (6)
∂ ln s
∂t
+ vr
∂ ln s
∂r
+ vr
∂α
∂t
+
∂α
∂r
+
1
t
+
vr
r
= 0, (7)
where α is the transverse rapidity of the uid dened
by the ondition vr = tanhα. The longitudinal ompo-
nent has the well known boost-invariant form vz = z/t
[33℄. By introduing the potential Φ (T ) dened by the
dierentials
dΦ =
d lnT
cs
= csd ln s, (8)
and by the use of the two funtions A± dened by the
formula
A± = Φ± α, (9)
Eqs. (6) and (7) beome
∂A± (t, r)
∂t
+
vr ± cs
1± vr cs
∂A± (t, r)
∂r
+
cs
1± vr cs
(
vr
r
+
1
t
)
= 0. (10)
5We note that Eq. (10) agrees with the formalism dis-
ussed in [18℄ if one denes a± = exp(A±). If the fun-
tions A± are known, the potential Φ may be alulated
from the formula
Φ =
1
2
(A+ +A−) , (11)
and the veloity is obtained from the equation
vr = tanh
[
1
2
(A+ −A−)
]
. (12)
The knowledge of the funtion cs(T ) allows us, by the
integration of Eq. (8), to determine Φ as a funtion of
the temperature; this funtion will be alled later ΦT .
However, to get a losed system of equations for A+ and
A−, we have to invert this relation and obtain T as a
funtion of Φ; this funtion will be alled later TΦ. In
this way, the sound veloity may be expressed in terms
of the funtions A+ and A−,
cs = cs
[
TΦ
(
1
2
(A+ +A−)
)]
, (13)
and Eqs. (10) may be solved numerially using the stan-
dard methods. The only restrition of our formalism
is the ondition against the formation of shok waves
[18, 34℄
1− c2s + csT
dcs
dT
=
d
dT
(s cs
T
)
≥ 0. (14)
We have heked that this ondition is fullled by our
sound-veloity proles I, II and III.
For boost-invariant and ylindrially symmetri sys-
tems the entropy onservation law Eq. (3) implies that
the following quantity is onserved in time
S = 2pi
∞∫
0
dr r t γ(t, r) s(t, r) = onst. (15)
For one-dimensional expansion this ondition is redued
to the famous Bjorken relation s(t) = s(t0)t0/t. We have
heked that the ondition (15) is fullled in our alula-
tions with very high auray, hene, no artiial entropy
prodution is present in our algorithm.
IV. INITIAL CONDITIONS
For symmetry reasons, both the veloity eld vr and
the temperature gradient ∂T/∂r should vanish at r = 0.
This ondition is ahieved if the funtions A+ and A− are
initially determined by a single funtion A(r) aording
to the presription [18℄
A+(t = t0, r) = A(r), A−(t = t0, r) = A(−r). (16)
Our main physial assumption about the initial state is
that the initial temperature prole is onneted with the
nuleon-nuleus thikness funtion TA(r) by the following
equation
T (t0, r) = Ts [s(t0, r)] = Ts
[
s0
TA(r)
TA(0)
]
. (17)
Here Ts(s) is the inverse funtion to the entropy density
funtion s(T ) and the parameter s0 is the initial entropy
at the enter of the system. The idea to use Eq. (17)
follows from the assumption that the initially produed
entropy density s(t0, r) is proportional to the density of
wounded nuleons at a distane r from the ollision en-
ter [35℄. We use the value s0 = 70.5fm
−3
whih yields
T (t = t0, r = 0) = 2Tc. We note that the funtions s(T )
and Ts(s) (evaluated for the ases I, II, and III) agree if
the temperature or entropy is suiently large. Hene, in
the three onsidered ases the initial temperature proles
are pratially the same in the enter of the system. The
small dierenes appear however if we onsider larger val-
ues of r where the temperature and entropy drops down.
We also note the global entropy dened by Eq. (15) is
exatly the same in the ases I, II and III.
We reall that the thikness funtion is dened by the
equation
TA(r) = 2
∫
dz ρ
(√
r2 + z2
)
, (18)
where the funtion ρ(r) is the nulear density pro-
le given by the Woods-Saxon funtion with a on-
ventional hoie of the parameters: ρ0 = 0.17 fm
−3
,
r0 = (1.12A
1/3 − 0.86A−1/3) fm, a = 0.54 fm, A = 197.
We note that the initial ondition (17) may be inluded
in the initial form of the funtion A(r)
A(t = t0, r) = ΦT
{
Ts
[
s0
TA(r)
TA(0)
]}
. (19)
V. RESULTS
In Fig. 4 we show the isotherms desribing the hydro-
dynami evolution of the system with the sound veloity
I. The numbers at the isotherms give the values of the
temperature in the units of the ritial temperature Tc.
We observe that the enter of the system ools down to
0.8 Tc after the evolution time of about 15 fm. We note
that the hydrodynami desription should be replaed
(around T ∼ 0.8Tc) by the model desribing hadroni
resattering (see, e.g., Ref. [9℄) whose presene addition-
ally inreases the lifetime of the system. Another option
is to assume that freeze-out happens at high tempera-
ture (see Refs. [36, 37℄ where many physial observables
were suessfully reprodued under the assumption of a
universal freeze-out taking plae at the temperature of
165 MeV). In the latter ase the lifetime of the system
may be identied simply with the time when the system
passes the phase transition. In the disussed ase this
time is of about 10 fm.
6In Fig. 5 we show the isotherms desribing the hydro-
dynami evolution of the system with the sound veloity
II. The initial entropy is exatly the same as in the ase
I. One an notie that the entral temperature does not
drop below 0.8 Tc before 20 fm. Clearly, the dip in the
sound veloity auses a dramati inrease of the lifetime
of the system.
The most striking situation is presented in Fig. 6. Here
the sound veloity with the deepest minimum is onsid-
ered. Again in this ase the initial entropy of the system
is exatly the same as in the ases I and II. One an no-
tie that the system does not pass the phase transition
before the onsidered evolution time of 20 fm. Contrary,
even at that time the system has the tendeny to expand
more, the eet indiated by the shapes of the isotherms.
The evolution time in the ase III beomes longer than in
the ase II and of ourse muh longer than in the ase I.
The situation depited in Fig. 6 resembles very muh the
ase of the rst order phase transition, where the large
latent heat is used to inrease the volume of the system at
onstant temperature, see Fig. 3 panel b) where the step
in the energy density as the funtion of the temperature
is seen. Only when the latent heat is totally onsumed,
the enter of the system starts further ooling.
Interestingly, the ase III desribes how our approah
with the temperature dependent sound veloity is apa-
ble of imitating the phenomena present at the real phase
transitions. We have to remember, however, that the
approximate rst-order phase transition onsidered here
diers from the real rst-order phase transition between
the hadron gas and the ideal quark-gluon plasma.
FIG. 4: Isotherms desribing the hydrodynami evolution for
the ase I; sound veloity with a shallow minimum where
cs(Tc) = 0.37. The numbers denote the values of the tem-
perature in the units of the ritial temperature Tc = 170
MeV.
FIG. 5: Same as Fig. 4 but for the ase II; sound veloity
with a moderate minimum, cs(Tc) = 0.28.
FIG. 6: Same as Fig. 4 but for the ase III; sound veloity
with a deep minimum, cs(Tc) = 0.19.
VI. CONCLUSIONS
The observation of the eets related with the possible
presene of the softest point of the QCD equation of state
triggered the ideas about the long-living states formed in
ultra-relativisti heavy-ion ollisions [23, 24, 25, 26, 38℄.
In view of the RHIC data indiating a short lifetime of the
system we may analyze the problem of the lifetime in the
reverse order, asking the question how soft the equation
of the state may be to allow for a hydrodynami desrip-
tion onsistent with the HBT results. In our approah the
issue of the softest point is translated into the problem
of realisti behavior of the sound veloity in the viinity
of the ritial temperature. We argue that the smooth
behavior of the sound veloity without any distint min-
imum is favored if we demand the short hydrodynami
evolution time of about 10 fm. Our alulations show, as
expeted, that the hydrodynami evolution is very sen-
sitive to the atual values of the sound veloity and in-
7diates how extremely important is the good knowledge
of the funtion cs(T ). The reliable values of cs are not
only required for the viinity of the phase transition but
also for smaller and larger temperatures, sine the sound
veloity plays a role of the oupling between the temper-
ature gradients and the aeleration of the uid. Finally,
we note that the ooling of the system may be faster if
the initial pre-equilibrium transverse ow is formed. The
inlusion of suh a ow in the initial onditions for the
hydrodynami equations leads naturally to faster expan-
sion of matter.
A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